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Abstract. We associate to each real algebraic variety a filtered chain complex, the 
weight complex, which is well-defined up to filtered quasi- isomorphism, and which induces 
on classical (compactly supported) homology with Z2 coefficients an analog of the weight 
filtration for complex algebraic varieties. This complements our previous definition of 
the weight filtration on Borel-Moore homology. 



We define the weight filtration of the homology of a real algebraic variety by first 
addressing the case of smooth, not necessarily compact, varieties. As in Deligne's definition 
[5] of the weight filtration for complex varieties, given a smooth variety X we consider a 
good compactification, a smooth compactification X of X such that D = X\X is a, divisor 
with normal crossings. Whereas Deligne's construction can be interpreted in terms of an 
action of a torus (S^)^ on a neighborhood of the divisor at infinity, we use an action of a 
discrete torus (S^)'^ to define a filtration of the chains of a semialgebraic compactification 
of X associated to the divisor D. The resulting filtered chain complex is functorial for 
pairs (X, X) as above, and it behaves nicely for a blowup with a smooth center that has 
normal crossings with D. 

We apply a result of Guillen and Navarro Aznar ([B] Theorem (2.3.6)) to show that 
our filtered complex is independent of the good compactification of X (up to quasi- 
isomorphism) and to extend our definition to a functorial filtered complex, the weight 
complex, which is defined for all varieties, and which enjoys a generalized blowup prop- 
erty (Theorem 17. ip . For compact varieties the weight complex agrees with our previous 
definition [9] for Borel-Moore homology. 

We work with homology rather than cohomology to take advantage of the topology of 
semialgebraic chains (c/. [9], Appendix). We denote by iffc(X) the kth classical homology 
group of X, with compact supports and coefficients in Z2, the integers modulo 2. The 
vector space Hk{X) is dual to H^(X), the classical kth cohomology group with closed 
supports. On the other hand, let (X) denote the kth. Borel-Moore homology group 
of X, with closed supports and coefficients in Z2. Then H^^^ [X) is dual to H^{X), the 
A;th cohomology group with compact supports. 

Our work owes much to the foundational paper [6] of Guillen and Navarro Aznar. In 
particular we have been infiuenced by the viewpoint of section 5 of that paper, on the 
theory of motives. Using Guillen and Navarro Aznar's extension theorems, Totaro [13] 
observed that there is a functorial weight filtration for the cohomology with compact 
supports of a real analytic variety with a given compactification. In [9] we developed this 
theory in detail for real algebraic varieties, working with Borel-Moore homology. Our task 
was simplified by the strong additivity property of Borel-Moore homology (or compactly 
supported cohomology); cf. f9|. Theorem 1.1. For classical homology or cohomology one 
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does not have such an additivity property, and so the present construction of the weight 
filtration is more involved. 

In section [1] below we define the weight filtration of a smooth, possibly noncompact, 
variety X, using a good compactification X with divisor D at infinity. First we define a 
semialgebraic compactification X' , the corner compactification of X, and then we use a 
canonical action of a discrete torus {1,-1}^ on X' to define a filtration of the semialgebraic 
chain group of X' . The filtered weight complex is obtained by an algebraic construction, 
the Deligne shift. In section [2] we analyze the relation of the weight complex to the 
homological Gysin complex of the divisor D. Section [3] contains the proof of the crucial 
fact that the weight complex is functorial for pairs {X,X). Sections HI [5l and [6] treat 
the blowup properties of the weight complex of a smooth variety. In section [7] we use the 
theorems of Guillen and Navarro Aznar to extend the definition of the weight complex to 
singular varieties, and we describe some elementary examples. The appendix (section [8|) 
is devoted to a canonical filtration of the Z2 group algebra of a discrete torus group. This 
is in effect a local version of the weight filtration. 

0.1. Real algebraic varieties. By a real algebraic variety we mean an affine real alge- 
braic variety in the sense of Bochnak-Coste-Roy [3]: a topological space with a sheaf of 
real-valued functions isomorphic to a real algebraic set X C with the Zariski topology 
and the structure sheaf of regular functions. A regular function on X is the restriction a 
rational function on M'^ that is everywhere defined on X. By a regular mapping we mean 
a regular mapping in the sense of Bochnak-Coste-Roy [3]. 

For instance, the set of real points of a reduced projective scheme over R, with the 
sheaf of regular functions, is an affine real algebraic variety in this sense. This follows 
from the fact that real projective space is isomorphic, as a real algebraic variety, to a 
subvariety of an affine space ([3] Theorem 3.4.4). We also adopt from the notion of an 
algebraic vector bundle. We recall that such a bundle is, by definition, a subbundle of a 
trivial vector bundle, and hence it is the pullback of the universal vector bundle on the 
Grassmannian, and its fibers are generated by global regular sections; cf. [3] Chapter 12. 

By a smooth real algebraic variety we mean a nonsingular affine real algebraic variety. 

1. The weight filtration of a smooth variety 

In this section we define the weight filtration of the classical homology of a smooth 
variety X. We use a smooth compactification X with a normal crossing divisor at infinity 
to define a semialgebraic compactification X' of X and a surjective map tt : X' ^ X with 
finite fibers. This map is used to define the weight filtration of the semialgebraic chain 
complex of X' with Z2 coefficients. Thus we obtain the weight filtration of the homology 
of X', which is canonically isomorphic to the homology of X. We will prove in Section [7] 
that this filtration of H^{X) does not depend on the choice of compactification X. 

1.1. The corner compactification. Let M be a compact smooth real algebraic variety 
and let -D C M be a smooth divisor. Associated to D there is an algebraic line bundle L 
over M that has a section s such that D is the variety of zeroes of s. Let S{L) be the space 
of oriented directions in the fibers of L. It can be given the structure of a real algebraic 
variety as follows. By |3j Remark 12.2.5, L is isomorphic to an algebraic subbundle of 
the trivial bundle M x M^. Denote by \I' : L — )■ M.^ the regular map defined by this 
isomorphism. The scalar product on M"^ defines a regular metric on L. We identify S{L) 
with the unit zero-sphere bundle of L; that is, with the real algebraic variety 
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This structure is uniquely defined. Indeed, the standard projection L \ M ^ "^"^{S ) 
is a regular map, and therefore two such unit sphere bundles are biregularly isomorphic. 
Finally, L is the pullback of the universal line bundle on p^-i under the regular map 
M P^~^ induced by 'I'. 

Thus S{L) is a smooth real algebraic variety, and the projection ttl '■ S{L) — ?> M is an 
algebraic double covering. Now the subvariety tt^^D of S{L) is the zero set of the regular 
function ip : S{L) — > R defined by (p{x, i) ■ i = s{x), where x (z M and £ is a unit vector in 
the fiber Lx = 7t2^{x). Note that the generator r of the group of covering transformations 
of S{L) changes the sign of for ip{T{x,i)) = (p{x, —i) = —Lp{x,t}. 

Let X be a smooth n-dimensional variety, and let X be a good compactification of X 
{cf. jl2j . p. 89): X is a compact smooth variety containing X, and D = X \ X is a, 
divisor with simple normal crossings. Thus D is a finite union of smooth codimension one 
subvarieties Di of X, 

(1.1) D = \jDi, 

iei 

and the divisors Di meet transversely. Note that we do not assume the divisors Di are 
irreducible. 

For i I, let Lj be the line bundle on X associated to Di and let Si be a section of 
Li that defines the divisor Di. Let vf : X — )• X be the covering of degree 21^' defined 
as the fiber product of the double covers ttl^ : S{Li) X, and let : X ^ R be the 
pullback of the function i^i : S{Li) — >■ M corresponding to the section Si, so that the variety 
Tr~^Di is the zero space of ipi. The corner compactification of X associated to the good 
compactification {X,D) is the semialgebraic set X' C X defined by 

X' = Closure{x G X | ^i(x) > 0, i G /}. 

In the terminology of [11] (§3.2), X' is the variety X cut along the divisor D. Let vr : 
X' — )> X be the restriction of the covering map vf : X ^ X. 

Let T be the group of covering transformations of the covering space vr : X ^ X, with 
Ti € T the pullback of the nontrivial covering transformation Tj of the double cover vr^- : 
S{Li) X. There is a canonical isomorphism 6 : T ^ G, where G is the multiplicative 
group of functions g : I ^ {1, —1}, given by 6{Ti) = gi, with gi{i) = —1 and gi{j) = 1 for 
i ^ j. To emphasize the role of the group G we prefer to consider 

^ = (^ : X ^ X) 

as a principal G -bundle for the group G = {1, -1}-^ and then 

^^^^ ^i{gi-x) = -^i{x), 

"Pjidi ■ x) = ^j{x), i ^ j. 

If [/ C X is contractible then £^\U is trivial, i.e. 

(1.3) ^-\U) c^U xG 

as a G principal bundle. This isomorphism is uniquely defined by a choice of x G J7 and 
a point x G 7f"^(x), which we identify via p.3p with (x, 1) £ U x G. 

Proposition 1.1. The semialgebraic map n : X' X is surjective. If x £ X let J{x) = 
{i e I \ X e Di} and G{x) = {g e G \ g{i) = 1, i ^ J{x)}- The fiber 7r~^(x) = {x G 
7f~^(x); (^j(x) > for i G J(x)}. Thus ■k~'^{x) is a regular orbit of the action of G{x) on 
X; i.e., a G{x)-torsor. Hence the number of points in 'ir~^{x) is 2l"^^^^l. 
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Proof. If X G X = X\L>, then J{x) = and G{x) is trivial. For each i £ I let £i{x) G (Li)^; 
be the unit vector such that Si{x) is a positive muhtple of ii{x); that is, fi{x,ii{x)) > 0. 
Let X = {x,ii[x))i^i G X. Then by definition x G X' and tt~^[x) = {x}. If ?7 is a 
contractible, open neighborhood of a; in X then the principal bundle ^|^7 is trivial, and 
-K"^(U) is a connected component of 7f~^(C/). Denote 

X+ = G X I lpi{x) >0, ie I}. 

Thus TT-^X = X'^, and TT maps X'j^ homeomorpically onto X. 

Since the divisor D has simple normal crossings, it follows that for every x G X there is a 
regular system of parameters ui, . . . , u„ for X at x, and a semialgebraic open neighborhood 
f/ of X such that (ui, . . . , u„) is a real analytic, semialgebraic coordinate system on U, and 
for each i G J{x) there is an index k{i) G {1, . . . ,n} such that Di DU is the coordinate 
hyperplane ^^(j) = and 

X nU = {y eU \ Uk(i){y) ^ for all i G 

Then 

xnu= U X3([/), 

(1.4) 9GG(x) 

Xg{U) = {yeU\ g{i)uki^i:^{y) > for all i G J(x)}, 

the set of points of U such that each of the coordinates Uj^f^^^ has the sign g{i). 

We say that ([/, (ui, . . . ,n„)) is a ^ood /ocaZ coordinate system on (X,Z)) if, moreover, 
U and each of Xg(U),g G G(x) is contractible. Thus X DU has exactly 2l'^(^^l connected 
components. 

Let y G Xi{U), i.e. Uj^(^^^{y) > for all i G J(x), and let Ui be the component of 
7r~^U containing 7r~^Xi({7). We choose the isomorphism in p.3|) so that C/i corresponds 
toU X {1}. Then, by ([LSD , 

TT~'Xg{U) = n~'Xg{U))ngUi. 

In other words 7r~^ Xg{U) corresponds to Xg{U) x {(/} via the isomorphism ()1.3p . In 
particular, tt~^{x) = {x} x G(x) as claimed. □ 

As a corollary of the proof we have that every x' G X' has a neighborhood in X' 
semialgebraically homeomorphic to a quadrant {(tii, . . . , Un) | > 0, z = 1, . . . , m} C M", 
where m = |J(7r(x'))|. Thus X' is a semialgebraic manifold with boundary dX' . The 
inclusion X ^ X factors through tt, 

X' 

X X 

and the restriction of vr to X' \ dX' is a semialgebraic homeomorphism onto X. Thus 
the inclusion A : X ^ X' is a homotopy equivalence, and so A* : Hk[X) Hk[X') is 
an isomorphism for all > 0, where Hk{X) denotes classical homology (with compact 
supports) with coefficients in Z2. 

The corner compactification X' of X does not depend on the choice of sections Sj. To 
see this, suppose that for all i G / we have sections Si and Si of Li defining Dj, and these 
sets of sections define corner compactifications X' and X', respectively. Suppose there 
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is an index j I such that Sj = Sj for all i ^ j- If Sj{x) and Sj{x) lie in the same 
component of the fiber \ {0} for x ^ Dj, then the corresponding functions ipj and (pj 
have the same sign, so X' = X' . If Sj{x) and Sj{x) lie different components of the fiber 
Lx\{0} for X ^ Dj, then the corresponding functions (pj and c^j have opposite signs. Thus 
gj{X') = X'. 

Moreover X' does not depend on the choice of decomposition (jl.ip of the divisor D 
into smooth subvarieties; that is, two such compactifications are semialgebraically home- 
omorphic. For suppose that the divisor Dj is the union of two nonempty smooth divisors 
Da and D),, Da (1 D^, = and we replace Dj with Da U D^, in the decomposition (jl.ip . 
Then the line bundle Lj equals La (8) L^, and we can take Sj = Sa ^ Sb- If we choose 
the metric on Lj to be the product of the metrics on La and Lf,, then ipj = ipa ■ (pb, ^-e. 
ipj{x,ia ^ h) = ^a{x,ia)Pbix,h), and we have a double cover S{La) XYS{Lb) — )■ S{Lj) 
given by {{x,£a),{x,ib)) ^ {x,ia ® h)- Let X{j) be the fiber product of the double 
covers «S(Lj) with Lj replaced by LaU Lb, and let X'[j) be the resulting corner com- 
pactification. Then the double cover p : X{j) ^ X restricts to a semialgebraic home- 
omorphism X'[j) — >■ X' . To prove this it suffices to show that p restricts to a bi- 
jection X'{j) \ dX'{j) ^ X' \ dX' . Suppose that x = (x,£,)*g/ € X' \ dX' . Then 
ipi{x,ii) > for all i G I, and in particular ip{x,ij) > 0. Let £j = ia ® ^b, so that 
<Pj{x,lj) = ipa{x,ia)Pb{x,£b) > 0. Now p~^{x) = {y, where y is obtained from x by 
replacing {x,£j) with {{x,£a),{x,£b)) and z is obtained from x by replacing {x,ij) with 
{ix,-ia),{x,-£b))- Thus if (pa{x,ia) > we have y € X'{j) and J ^ X'{j), and if 
Pa{x,ia) < we have y ^ X'(i) and z G X'{j). 

1.2. The corner filtration. We will use the map tt : X' ^ X and the action of the group 
G on X' to define a filtration of the semialgebraic chain complex C*(X') of the corner 
compactification X' . For J C / we let 

Dj =f]D,,D^ = X, 
bj = Dj\[jD, , b^ = x. 

Then {-Djjjc/ is a stratification of X. This is a local condition that follows from the fact 
that every x G X is contained in a good coordinate system (JJ, {u\, . . . , Un)), with 

Dr]U = {yGU \ u^-^ = for some i € J{x)}. 
In these coordinates, for J C J{x) we have 

Dj^U = {y (GU \ Uk(^i){y) = 0, i G J}, 

I)j n [/ = (Dj n [/) n {y G [/ I / 0, i G J(x) \ J}. 

Similarly we can stratify X' by taking 7r~^Dj as strata, and 7r~^Dj is the closure in 
X' of the stratum Ti~^Dj. To prove these assertions, let {U,{ui, . . . ,Un)) be a good 
coordinate system as above, and let Ui be the component of 7f~^C/ containing tt~^Xi{U). 
For g G G{x) let = {y g C/ | g{i)uk{i){y) >0,ie J{x)}, the closure in U of X(,(C/). 

We have that vr maps {gUi,'iT~^Xg{U)) homeomorphically onto {U, Xg(U)), and ir^^U is 
the disjoint union of the sets TT~^Xg{U). Clearly {Dj fi Xg{U)}j(2jQ is a stratification of 
Xg{U), and the closure of I) j n Xg{U) in is L>j n Xg{U). 
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Now for each J C / such that Dj / 0, let G{J) = {g £ G \ g{i) = 1, i ^ J}. Then G(J) 
is isomorphic to {1, — l}!'^' and for each x € Dj we have G{x) = G{J). Thus the action of 
G{J) on X preserves tt~^D j. Consider the inclusion C*(7r~^L' j) C^{X'). We denote by 
F'^G^:{X') the image in C*(X') of the subcomplex of C^{'k~^Dj) of G( J)-invariant chains. 
Then F-^C^{X') is a subcomplex of G^{X'). For p > let FPC^{X') be the subcomplex 
of C^{X') generated by the F-^G^iX') with \ J\=p. 

UJ CK then Dj D Dk and G{J) C G{K). Therefore F-^C^X') D F^G^{X'). So for 
all p > we have FP+^C^{X') C F^G^iX'). We obtain a filtration 

(1.5) a(X') = F^G,{X') D F^G,{X') D F^aX') D • • • , 

with F"'~'^+^Cfc(X') = for all k > 0, where n = dimX. We call this filtered complex the 
corner complex of the good compactification {X, D) of X. 

The corner spectral sequence Ep ^ is the spectral sequence associated to the increasing 
filtration obtained by setting F_p = F^, 

• • • C F_2a(X') c F„iC,(X') c FoG,{X') = G,{X'). 

This is a second quadrant spectral sequence: If E^^^ ^ then {p, q) lies in the closed 
triangle with vertices (0,0), (0, n), (— n, n), n = dimX. The corner spectral sequence 
converges to the homology of the corner compactification X' , 

It will be useful to describe the corner filtration on the level of semialgebraic sets, using 
the definition of semialgebraic chains given in the appendix of [U]- If T is a closed k- 
dimensional semialgebraic subset of a semialgebraic set X, then c = [F] € Gk{X) is the 
semialgebraic chain represented by F. The set Suppc, the support of c, is the smallest 
closed fe-dimensional semialgebraic set representing c. 

The vector subspace F^GkiX') is generated by the subspaces F"^C'^(X') for J C I, 
and our definition implies that c S F'^G^{X') if and only if c = [F], where F C X' and 
G(J)F = F. 

Next we give an alternative description of the corner filtration. For each J C / such that 
Dj 7^ consider the corner compactification D'j of Dj associated to the good compacti- 
fication Dj of Dj with divisor Uj^/(-^« ^ F)j), and let vrj : D'j Dj be the projection. 

Proposition 1.2. The projection 7r~^Dj Dj factors through D'j. The induced map 
Pj : 7r~^ Dj D'j is a principal G{J) -bundle, and hence it is a covering space of degree 

Proof. Let = (tt : X — > X) be the principal G-bundle associated to the good compacti- 
fication X of X. The restriction (,\Dj = (vf : 7r~^Dj Dj) is a principal G-bundle. Let 

= (vf J : Dj Dj) be the principal G{I \ J)-bundle associated to the good compacti- 
fication Dj of Dj. Let r]j = (pj : tt~^Dj — t- Dj) be the principal G(J)-bundle such that 
Pj is the quotient map of the action of G{J) on tt~^Dj. On tt^^Dj we have vr = vr j o pj. 

Now {pj)~^D'j = TT^^Dj. If pj = pj\tt~^Dj then on tt^^Dj we have vr = vrj o pj, and 
r]j\D'j = {pj : 7r~^Dj — t- D'j) is a principal G(J)-bundle. □ 

Corollary 1.3. There is a finite semialgebraic open cover Uj of Dj such that over each 
U € Uj the projection ■k~^U U is a trivial G{J)-bundle, i.e. tt"^!! = U x G{J). 
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Proof. This is true for pj : tt^^Dj D'j because D'j is compact. Now vrj : 7rJ^(£)j) — ?> Dj 
is an isomorphism and hence Dj can be identified with ttJ^{Dj) C D'j. Thus it suffices 
to restrict to Dj the corresponding open cover of D'j. □ 

Associated to the principal bundle pj : tt^^Dj — ^ D'j of Proposition ll.2t we have the 
inverse image map pj : C^{D'j) C^{Ti~^Dj) defined by p}([r]) = [p^^T]. The function 
p*j commutes with the boundary map, and so p*j is an injective morphism of complexes. 
(The map p*j is the chain- level transfer homomorphism of the covering map pj.) Let 
i J : C^{7r-^Dj) C^{X') be the inclusion. Then F^C^{X') is the image in C*(X') of the 
composition r]j = ij o pj, 

* 

7]j : C^D'j) % C,{7T~^Dj) ^ C^X'), 

and r]j is an isomorphism of the complexes C^:{D'j) and F'^C^:{X'). Thus c G F^ C^{X') 
if and only if c = [F] for F C 7t~^Dj with F = Pj^B, where B C .Dj. 

Prom Corollary 11.31 we obtain the following useful local characterization of the corner 
filtration. The vector space F^C^{X') is generated by the chains c S C^{X') such that 
c = [F] with F C vr-^Dj/ for J' D J (so Dj^ C D j), and F = Closure f, where f C vr-^^, 
with B C TT-i^ = ^ X G{J') {i.e. tt'^B ^ B is a trivial G(J')-bundle) and 

T = B X gG{J) for some g G G{J'). In other words, F is an orbit of the action of G{J) on 
t:-^B. 

Let B C be a semialgebraic set such that 7r~^B = B x G{J'), let dimi5 = k, and 
let B be the closure of B. Then 

(1.6) Ck{7T~'B) = Ck{B) C7o(G(J')), 

where we consider G{J') as a discrete topological space. In particular, Gq{G{J')) = 
Z2[G(J')] the Z2 group algebra of G{J'). Using this algebra structure we define in the 
Appendix (Section [8|) a filtration X* on Z2[G(J')] and hence on Gq{G{J')). 

Lemma 1.4. Gk{-K~^B) n FPGk{X') = Gk{B) ^ IPGo{G{J')). 

Proof. This follows from Proposition 18.51 (By Proposition 18.61 the right hand side does 
not depend on the choice of isomorphism 7r~^B = B x G{J').) □ 

Corollary 1.5. The homomorphism vr* : C*(X') — )• C*(X) induces an exact sequence 

^ F^G,{X') ^ C,{X') ^ a(Z) ^ 0. 

Proof. Fix C i^j', dimi? = k, as above. It suffices to check the exactness for A;-chains 
over B; that is, the exactness of the sequence 

^ Gk{7r-^B) n F^GkiX') ^ Gk{7r-^B) ^ Gk{B) ^ 0. 

This follows from Lemma 11.41 and the definition of as the kernel of the augmentation 
map e : Go{G{J')) Z2; cf. the Appendix. □ 

Now we compute the successive quotients of the corner filtration. In Section [2] below we 
will use the following result to show that the (i?^, d^) term of the corner spectral sequence 
is isomorphic to the Gysin complex of the divisor D (Corollarv 12. 3p . 

Proposition 1.6. For each p > there is an isomorphism of chain complexes 

■ 1® ^ FP+^c[{X') ■ 
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Proof. First we consider the case p = 0. By Corollary \1.5\ vr* : C*(X') — > C*(X) induces 
an isomorphism tp : — )■ C^{X')/ F^C^:{X') that can be described geometrically as 
follows. Given a chain b S Ck{X) represented by the set B, then c = ip{b) is represented 
modulo i^^C*(X') by the closure F of the image of any semialgebraic (not necessarily 
continuous) section of vr over B. 

Similarly we construct -i/'p for any p > 0. Let b = [B] € Ck{Dj), p = \ J\, and let T G X' 
be the closure of the image of any semialgebraic section of vr over B. Then we define 
7pp{b) = c G PPCkiX') (mod FP+^Ck{X')), where c = [G(J)F]. We have to show is 
well-defined, injective, surjective, and that it commutes with the boundary. For this we 
use the characterisation of the corner filtration F* given in Lemma [1.41 and the Appendix. 

Let b = [B], with B C Dj, and let F', F" C X' be the closures of the images of 
semialgebraic sections of vr over B. By CoroUarv ll.3[ after a subdivision of B we may 
suppose that B is the closure of B, where B C Dji, J C J', and that ir^^B = B x G{J') 
as a principal G(J')-bundle. Moreover, by a choice of this isomorphism, and another 
subdivision of B if necessary, we may also suppose that F' is the closure of F', and F" is 
the closure off", where f ' = {1} and f " = ^ x {g}. If 5 e G( J) then G( J)f ' = G{J)f" 
so suppose g G{J). Let G' be the subgroup of G{J') generated by G{J) and g. Then 
[G{J)T'] - [G{J)T"] = [G'V] e FP+^Ck{X'), by Lemma fLil and Lemma lO This shows 
that ipp is well-defined. 

We now show the injectivity of tpp. By a reduction as in the previous argument it 
suffices to show the following claim. Let b = [B] € Gk{Djf), \ J'\ > p, with B is the closure 
of B, where B C Dj', and n^^B = B x G{J'). Let F be the closure of the image of a 
semialgebraic section of vr over B. We claim that if 

aj[G{J)T]eFP+^Ck{X'), aj^'L2. 

J(ZJ',\J\=p 

then aj = for all J. Now, in terms of the isomorphism ()1.6p . 

aj[G(J)F] = [F] [ "^[^(•^)] 

J(lJ',\J\=p \J(1J',\J\=V 



so the claim follows from Corollary 18.31 

We now reinterpret the restriction of "ipp to G^{Dj). We denote this restriction by ipj. 
Denote by V'j,o the isomorphism of complexes from C:^{D'j)/ F^C^{D'j) to C^:{Dj). Then 
il^j = rj'jo (^/)jo)~^, where rj'j equals r]j modulo FP"'"^C*(X'). It follows that ipj commutes 
with the boundary. Since the images of all r/j, | J| = p, generate FPC^{X'), the images of 
iPj^ \ J\ = generate FPG4X')/FP+'^C^{X'). This shows the surjectivity of Vp- • □ 

1.3. The weight filtration. The weight filtration of C^:{X') is defined by 
>VpCfc(X') = Ker[a : Fp+kCkiX') ^ Gk-iiX')/Fp+k-iCk-i{X')] 
= {DecF)pCk{X'), 

where DecF* is the Deligne shift of the filtration F^, ([^ (1.3.3), |12] A. 50). Thus the 
weight filtration W* runs 

(1.8) = >V_„_iCfc(X') c • • • C W^k~iCk{X') c W^kCkiX') = Ck{X'). 

We denote this filtered complex by WC*(X'). It is the weight complex of the good com- 
pactification X X. 
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The weight spectral sequence Ep ^^ is the spectral sequence associated to the weight 
complex. It is a second quadrant spectral sequence: If Ep^^ ^ then (p, q) lies in the 
closed triangle with vertices (0,0), (— n, 2n), {—n,n), n = dimX. We have 

for all r > 1 and all p, q. In particular the E^ term of the weight spectral sequence equals 
the reindexed E'^ term of the corner spectral sequence. The weight spectral sequence 
converges to the homology of the corner compactification X' , 

In Section [7] below we will prove that, up to filtered quasi-isomorphism, the weight 
complex is independent of the good compactification of X. Thus the induced filtration on 
H^{X) and all the terms of the weight spectral sequence {Ep q,(f') for r > 1 are algebraic 
invariants of X. 

2. The Cech and Gysin complexes 

We show that the corner complex of a good compactification {X, D) of X is filtered 
quasi- isomorphic to the cohomology Cech complex of the divisor D. It follows that the 
term {E^,d^) of the corner spectral sequence is isomorphic to the Gysin complex of the 
divisor D. 

The semialgebraic cohomology groups of a variety Y are dual to the semialgebraic 
homology groups of Y (coefficients in Z2). The cohomology groups H^iY), k > 0, are 
the homology groups of the semialgebraic cochain complex {C*{Y),6), where C^{Y) = 
hom(Cfc(y), Z2) and the coboundary map 6k : C'iY) C'^+^Y) is the adjoint of the 
boundary map dk+i : Ck+i(Y) CkiY). 

2.1. The Cech complex. Consider the double complex 

(2.1) CP'" = CiDj) 

\J\=P 

with first differential S' : CP'" Cp+^'" the sum of the restriction maps C"{Dj) C"{Dj>) 
(|J| = p, \J'\ = p+l, and J C J'), and second differential 6" : CP'" CP'"+^ the 
sum of the coboundary maps C"{Dj) — )> C"'^^{Dj). The cohomology Cech complex of 
(X,L>) is the total complex C''(X,L») = 0^+^=, C^'^ with differential 5 = 5' + 5" and 
decreasing filtration FP&{X, D) = ©j>p ©j+g=; C^'". The cohomology spectral sequence 
Er'" associated to this filtration (c/. [7], chapter XI, section 8) has 

El'" = H"{Dj), 

\J\=P 

with dif^" : Ef'" Ef^^'" equal to the sum of the restriction maps H"{Dj) H"{Dji), 
and this spectral sequence converges to the relative cohomology of the pair {X, D), 

EP'" =^ HP+"(X,D). 



10 C. MCCRORY AND A. PARUSINSKI 

2.2. The Gysin complex. If / : M — )• is a map of compact manifolds, the Gysin 
honioniorphism f* : H^{N) — > H^{M) is defined as follows. Let m = dimM and n = 
dimiV, and for alU > let Dm : i^'(M) ^ H„,-i{M) and Dn : H\N) Hn-i{N) be 
the Poincare duality isomorphisms. For all /c > we let 

/* = Dm o H^-\f) o D],^ : Hk[N) ^ i?,,+„„„(M), 

where H^~^{f) : H"'~^{N) — )• H^~^{M) is the homomorphism induced by / on cohomol- 
ogy _ _ 

The Gysin complex G{X,X) of the good compactification {X,D) of X is the chain 
complex 

(2.2) Gp(X,^)= 0i^fc(^j) 

\J\=p k 

with differential (i, where dp : Gp{X,X) is the sum of the Gysin maps 

ijj, : Hk{D j) Hk-i{Dji) for J d J' with \ J\ = p and \ J'\ = p+1, and i j^j' : Dji Dj 
is the inclusion. 

Proposition 2.1. The Ei term of the Cech spectral sequence of a good compactification 
of X is canonically isomorphic to the Gysin complex, 

{El^\dY)^{Gp{X,X),dp). 

Proof. The isomorphism E^'* — )■ Gp{X, X) is the sum of the Poincare duality isomorphisms 
H^iD j) Hn^p^qiD j), where n = dimX. □ 

2.3. Poincare-Lefschetz duality. The following isomorphism corresponds to the Poincare- 
Lefschetz duality isomorphism H'^~^{X,D) = Hk{X), n = dimX, k > 0. 

Theorem 2.2. Let {X, D) he a good compactification of X, and let X' he the associated 
corner compactification of X. There is a quasi-isomorphism of filtered complexes 

* : {C*(X,D),F*) {C4X'),F*) 

from the Cech complex to the corner complex. More precisely, there is a chain homomor- 
phism ^ = {'^i), : &{X,D) Cn-i{X'), such that for allp,l >0 we have 

^i{FP&(X,D))cFPCn-i{X'), 

and for all p >0 the resulting chain homomorphism 

^ FPC*(X,D) FPCn-*{X') 

* • FP+W*(X,D) ^ FP+^Cn-*{X') 
induces an isomorphism in homology. 

Corollary 2.3. The Ei term of the corner spectral sequence of a good compactif cation 
of X is isomorphic to the Gysin complex of the divisor D at infinity. More precisely, for 
every p,k >0 there is an isomorphism 



E^^P,k+p = Hk i^pp+ic^^xi^^ - Hk{Dj). 



\J\=P 

Under this isomorphism the differential 

FPC^X') \ ^ /FP+^C^{X' 



dlp^k+p ■ Hk [ pp+iP.\y-a ) ^ Hk^i 



FP+^C^{X') J \FP+^C^{X' 
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corresponds to the sum of the Gysin homomorphisms 
where \ J\ = p, \ J'\ = p + 1, and J C J' . 

Proof. This is an immediate consequence of Theorem 12.21 and Proposition I2.1[ □ 

Now we tm'n to the proof of Theorem 12. 2[ We construct ^ as the composition of the 
three filtered quasi-isomorphisms described in sections 12. 4t I2.5[ 12.61 below. 

2.4. The simplicial Cech complex. Let be a semialgebraic triangulation of X such 
that for all J C / the subvariety Dj = Hiej ^ subcomplex of K. There exists a 
unique triangulation K' of X' such that the map n : X' ^ X is simplicial, and such a 
triangulation K' is semialgebraic. We say that {K', K) is an adapted triangulation of vr. 

Let {K',K) be an adapted triangulation oi it : X' X . For each J C / let Kj be 
the subcomplex of K that triangulates Dj. Let C'^{Kj) be the qih. simplicial cohomology 
group of Kj. Consider the double complex 

(2.3) C-P^^K) = C\Kj). 

\J\=P 

The simplicial Cech complex is the filtered complex defined by C\K) = CP''^{K), 
with filtration FP&{K) = ®j>p®j+q=iC^''^{K). The map of double complexes C^'" ^ 
CP''i[K) that is the sum of the chain maps C*{Dj) — )> C*{Kj) adjoint to the inclusion 
C^{Kj) C^{Dj) defines a filtered quasi-isomorphism from the Cech complex (|2.ip to 
the simplicial Cech complex (j2.3p . 

2.5. The cellular Gysin complex. Let K* be the dual cell complex of the simplicial 
complex K [cf. [TO]). For each J C I, the cells of the dual complex Kj of the triangulation 
Kj of Dj are the intersections with Dj of the cells of K*. The double complex CP'''{K) 
is isomorphic to the double complex 

Cp,k{Kl = Ck{K*j) 
\J\=P 

via the classical cellular Poincare duality isomorphisms C'^{Kj) Cn-p-q{Kj) which 
assign to a simplex a G Kj the dual cell a*j G Kj. (The dimension of the smooth 
variety Dj is n — p, where p = |J|.) The second differential of this double complex 
d" ■ Cp^k{Kj) Cp^k-i{Kj) is given by the cellular boundary map. The first differential 
d' : Cp^k{K*) Cp+i^fc_i(K*) is given by the cellular Gysin maps i{J,J')* : Ck{Kj) -)■ 
Ck~i{Kj,), where \ J\ = p, \ J'\ = p+1, and J C J'. By definition the Gysin map on cellular 
chains is Poincare dual to the restriction map on simplicial chains. If cr € Kj' C Kj then 
i{J, J')*{a*j) = a*j, = cr} n Dji. Thus the Gysin map i{J,J')* applied to a cellular chain 
in Kj is the intersection of the chain with Dj/. 

Thus there is a filtered chain isomorphism from the simplicial Cech complex to the 
cellular Gysin complex 

c,,(K*) = 0Cp,fc(jr) 

p 

with boundary map d = d' + d" and filtration FPCk{K*) = ®j>pCj^k{K*). 
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2.6. The cellular puUback. We define a filtered quasi-isomorphism from the cellular 
Gysin complex to the corner complex, 

: C,iK*) ^ ax') . 

For |J| = p we define <p : Ck{K*j) Ck{X') as follows. For each A;-cell B € CkiK*j) let 
^(B) = [tt-^B] G CkiX'). Since tt'^B = Pj^{ttJ^B) we have [ir-^B] € FPC^X'). 

We claim (j)[dB) = dcj){B) for all fc-cells B € Ck{Kj), and so is a chain map. By 
definition dB = d'B + d"B. 

U J' D J with \ J'\=p+l then dim(S n Dj') = A; - 1; in fact, B D Dj> is a (A; - l)-cen 
of Kj,. Thus d'B = Y^j, B n Dji, summed over ah J' D J with \ J'\ = p + I. Therefore 

<Pid'B) = Y,HBriDj,) = ^[7r-\B n Dj,)] = [{7r~'B) D di7r~'Dj)], 
J' J' 

where d{TT~^Dj) = |Jj, 7r~^Dj' is the boundary of the manifold 7r~^Dj. 

Let bd(-B) denote the cellular boundary of the k-cell B. In other words, li h -.M^ ^ B 
is a semialgebraic homeomorphism from the unit ball in M'^ onto B, then bd(i?) = h{dM^). 
We have d" B = J2 B' , summed over ah {k - l)-ceUs B' of K*j with B' C hd{B). So 

cl>{d"B) = Y,^{B') = [T,~^hd(B)]. 

On the other hand, 

d(t>{B) = d[K-^B] = {{^l-^B)f^^{■K-^DJ)\ + [7r-^bd(S)], 

which gives the claim. 

Finally we show that the chain map (/> is a filtered quasi-isomorphism. For a k-ceW B of 
Kj, the set t^j^B is the image of a semialgebraic section of vrj : D'j — ?• Dj over i3. Thus 
the induced map 

factors as (pp = ipp o Cp^ where 

^p: 0C,(i^})^ 0a(Z?j) 

|J|=p |J|=p 

is the inclusion S,p{B) = [B], and 

is given by Proposition [L6l The chain map induces an isomorphism in homology, and ipp 
is a chain isomorphism by Proposition 11.61 Thus (j)p induces an isomorphism in homology. 
This completes the proof of Theorem 12.21 



2.7. Duality with Borel-Moore homology. If X is a smooth n-dimensional real alge- 
braic variety with good compactification {X, D) and associated corner compactification X' , 
the weight filtration ()1.7p on the complex of semialgebraic chains C^{X') gives the weight 
filtration of the classical (compactly supported) homology groups Hj,{X)^ < k < n, 

(2.4) = W^n^iHkiX) C • • • C W-k-iHk{X) C W„fciffc(X) = Hk{X). 

(We will show in section [7] that this filtration does not depend on the choice of good 
compactification of X.) In previous work [9] we defined a weight filtration on the complex 
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of semialgebraic chains with closed supports C^^'^{X) [9], which gives the weight filtration 
of the Borel-Moore homology groups H^^j^^X), < k < n, 

(2.5) = W^n+k-iH^^kiX) C • • • C W_iFf_\^(X) C WoH^^.iX) = H^^i{X). 

For each k, < k < n, Poincare-Lefschetz duality gives a nonsingular bilinear interesection 
pairing 

{ ,) : H,{X) X H^^.iX) ^ Z2. 
We show that the weight filtrations ()2.4p ()2.5p on these groups are dual under this pairing. 

Theorem 2.4. Let X be a smooth n- dimensional variety. For all p < and k >0, 
WpHk{X) = {a € Hk{X) I (a,/3) = for all /3 e 

Proof. This is a consequence of a more basic duality of filtered chain complexes. The 
weight filtration on H^,{X) is induced by the weight filtration on the complex C*(X'), 
where X' is the corner compactification of X. The weight filtration on C*(X') is by 
definition the Deligne shift of the corner filtration on C.^{X'). The complex C^,(X') with 
the corner filtration is in turn filtered quasi-isomorphic to the cohomology Cech complex 
C*{X,D) with its standard filtration (Theorem 12. 2p . The cohomology Cech complex is 
dual to the homology Cech complex C^,{X,D), where 

Ci{X,D)= C,,„ 

p+q=l 

~ ^3 Cq{Dj), 

\.J\=p 

F,Q(X,D) = ^ C,,,. 

j<pj+g=l 

Finally, the complex C^^\X) with its weight filtration is quasi-isomorphic to the homol- 
ogy Cech complex C'*(X, D) with the Deligne shift of the standard filtration ([9] Theorem 
(1.1)(2) and proof of Proposition (1.9)). This last quasi-isomorphism corresponds to the 
isomorphism Hi (X,D)^ Hj^^^ {X). □ 

3. FUNCTORIALITY 

Theorem 3.1. Let X andY be smooth real algebraic varieties with good compactifications 
X and Y , and let f : X ^ Y be a regular map that extends to a regular map f : X ^ Y . 
Let X' and Y' be the corner compactifications associated to X and Y . There exists a 
unique continuous semialgebraic map f : X' ^ Y' such that f'\X = f . Moreover 

/ o vrx = vry o /', 

where ttx : X' ^ X and Try ■ Y' ^ Y are the projections. 

If Z is a smooth real algebraic variety with good compactification Z, and g : Y Z is 
a regular map that extends to a regular map 'g : Y ^ Z, then 

(9 of)' = 9 of. 

Proof. Given x' G X' , let x = i:x{x') and y = f{x). Since / is continuous, there exist good 
coordinate neighborhoods C/ of x and V oi y such that f{U) C V . Since x' € X'(U) = 
UgXg{U), where X'g{U) = 7r-^Xg{U), we have x' G X'g{U) for a unique g G G{U). Now 
y'{y) = UhKi^)^ h e G{V), and the open subsets Xg{U) C X and Yh{V) C Y are 
connected, so there is a unique h with f{Xg(U)) C Yii{V). Let y' be the unique element of 
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Y/^{V) such that 7ry(y') = y, and set f'{x') = y' . By construction /{nxix')) = 7ry(/'(x')), 
so f\X = f, and the graph of /' is the closure in X' x Y' of the graph of /. Therefore /' 
is continuous and semialgebraic. The function /' is uniquely determined by / since X is 
dense in X' . It follows that {g o /)' = g' o f. □ 

Let / : X — )• y be a regular map of smooth varieties that extends to a regular map 
f : X —?■ Y good compactifications. The divisor D = X \ X is a, finite union of 
irreducible smooth codimension one subvarieties Di, i G Ix, and the divisor E = Y \ Y is 
a finite union of irreducible smooth codimension one subvarieties Ej, j S ly. For x ^ X 
let J{x) = {i G Ix \ X G Di}, and for y G y let J(y) = {j G ly \ y ^ Ej}. By construction, 
/ (E) C D. Hence for every x ^ X and y = f{x), there exist good local coordinates 
([/, (ui, . . . on {X,D) with{ui{x),...,Un{x)) = 0, and (V, {vi, . . . ,Vm)) on iY,E) 

with {vi{y), . . . , Vm{y)) = with f{U) C V , and for every i G J(x) and j G J{y) there are 
non-negative integers aij and a real analytic function r j : [/ ^ M such that on U we have 

(3-1) Vky{j)°l = rj n Kc/W^'- 

Moreover, r~^(0) C -D and dimr~^(0) < n — 2, and therefore rj is of constant sign on 
U\D. 

The exponents a^j do not depend on the choice of x and y or on the choice of good local 
coordinates. Indeed, they are defined by the condition that the divisor 

described locally by Vj = 0, has real part of dimension strictly less than n — 1; see Remark 
13.71 for an example. Thus the numbers aij are well-defined not only for the divisors Di 
and Ej such that A n 7~^{Ej) 7^ by ([SJ]), but also if A n 7 = O then aij = 0. 

Let Gx be the group of functions g : Ix ^ {1, — !}> and let Gy be the group of functions 
h-.Iy^ {1, -1}. Let G{x) = {g£Gx\ g{i) = 1, i ^ J{x)} and = {/i G Gy | = 
1, J ^ -^(y)}- We define a homomorphism 93 : — > G{y) by 

^(5)(i)= n 

i&J{x) 

Proposition 3.2. Xei / : X — ?> y he a regular map of smooth varieties that extends to a 
regular map f : X ^ Y of good compactifications, and let f : X' ^ Y' he the associated 
map of comer compactifications. If f{x) = y, then 

ng-x') = ^{g).f'{x') 

for all g G G{x) and x' G -K^ix). 

Proof. Let f{Xi{U)) C Yg>{V). Then, by f{Xg{U)) C Yg,^^g){V) and so the propo- 

sition is proved. □ 

Theorem 3.3. If f : X ^ Y is a regular map of smooth varieties that extends to a regular 
map f : X ^ Y of good compactifications, then for all k,p > 0, 



fiiFPCkiX')) C FPCk{Y'). 
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Proof. It suffices to show the claim for c € F^Ck{X')) of the form c = [B\ ® (see 
()1.4p ). where B is the closure of B and B C Dr , I C |/| = p. Suppose, moreover, that 
f{B) C Eji. We define a homomorphism ifjiji : G{I') — t- G{J') by 

'^/'j'(5)(j)=n5W""- 

Suppose first that (/J/'j' restricted to G{I) is injective. Then we have 

(3.2) Km ® [G{I)]) = J^B]) ® [v.rj'(G(/))]. 

Then J^{[B]) (g) [ipi,j,{G{I))] G FPCkiY'), as follows from Lemma Ol Lemma O and 
Corollary 18.51 

If ^I'j' restricted to G{I) is not injective then for every x & B, the fibers of /' : {x} x 
G{I) — > {f{x)}xG{J') are of even cardinality. Therefore, the pushforward /*([-B]'8>[G'(/)]) 
is equal to 0. □ 

By Proposition 11.61 /' induces a morphism of complexes 

(3.3) fp: 0C,(i^7)^ 0a(i?j). 

\i\=p \j\=p 

As we show below fp is a combination of pushforwards with weights. 

To a pair {I, J), I C Ix, J C /y, such that \ J\ = \I\ = p we associate the number 
aij = det(ajj)i(=/jej. 

Lemma 3.4. Ze^ D/^j 6e an irreducible component of Dj, and suppose that (Dj^i) D 
T\Ej) + 0, |/| = |J| = p. IfDj,, (t T\Ej) then au = 0. 

Proof. Let x G Dj^i and y = /(x) £ Ej. Choose good local coordinates ([/, (ni, . . . , Un)) on 
(X,D) with (^1(2;), . . . ,Unix)) = 0, and (V, {vi, . . .,Vm)) on {Y,E) with (ui(y), . . ■,Vm{y)) = 
0, such that /([/) C F and L>/ n f/ = {ui = • • • = Up = 0} and n F = {ui = • • • = 



= 0}. If Di^i (t f ^{Ej) then, by ([ST]), there j G {1, . . . ,p} such that a^j = for ah 
1, . . . Hence ajj = 0. □ 



Proposition 3.5. Let f : X Y be a regular map of smooth varieties that extends to a 
regular map f : X ^ Y of good compactifications, with the divisors D = X\X = UiG/_y E)i, 
E = Y\ Y = UjG/'i- Ej- Then for any I C Ix, \I\ = P, CLnd for any irreducible component 
Dj i of Dj, the morphism fp of (j3.3p restricted to Dj i is given by 

(3.4) (/p)|D,„ = ©a/j(7(/,)j)*, 

where the sum is taken over all J <Z ly, \J\ = p, and all irreducible components Dj^i of 
Dj such that f{Dj^i) C Ej, and the other components of {fp)\£,j . are zero. 

Proof. Let c G Ck{Df^i) and we suppose that c = [S] (g) [G{I)], where B is the closure of 
B and B C Dji, I C /', and that f{B) C Ej'. If 92/' j' restricted to G{I) is not injective 
then /^(c) = and a/j = for all J C J'. 

Suppose now that ifrj' restricted to G{I) is injective. By formula ()3.2p it suffices to 
decompose the image of (pi' ji{G{I)) in XP(G( J'))/X^+^(G( J')) with respect to the basis 
given by Corollary 18. 3[ Then (j3.4p follows from Corollary 18.41 both in the case when 
f{Dj^i) C Ej and when f{Dj^i) (t Ej. Indeed, in the latter case the claim follows from 
the fact that ajj = by Lemma l3.4i □ 



16 



C. MCCRORY AND A. PARUSINSKI 



Recall that a good compactification gives rise to a Gysin complex defined by ()2.2p . 
Thus f : X ^ Y induces a morphism of Gysin complexes G{X, X) — )• G{Y, Y) that can 
be computed using Proposition 13.51 We will encounter in the following sections several 
examples of morphisms of Gysin complexes that are simply the homology pushforward 

\i\=p \J\=p 
given by the sum of all the induced maps Dj — )• Ej. 

Corollary 3.6. Let f : X ^ Y be a regular map of smooth varieties that extends to a 
regular map f : X Y of good compactifications. Suppose that for all p, and all I C Ix, 
J C /y such that \I\ = \ J\ = p, either 

(1) f{Dj) C Ej and then ajj = 1, or 

(2) dim!)/ n7~^(^j) < dimZ)/. 

Then the induced morphism of Gysin complexes G{X^X) — )■ G{Y ^Y) is the homology 
pushforward. 

Proof. This is an immediate consequence of Corollary 12.31 and Proposition 13.51 □ 

Remark 3.7. We say that / is a monomial map (with respect to the divisors D and E) if 
for every x E X and y = f{x), the functions rj of ()3.ip are never zero. Then f : X ^ Y 
is a topological tico map with respect to the ticos D and E ([1] III. 2), and the coefficients 
Oij can be simply defined by 

i 

In the complex algebraic case a regular map / : {X,D) — > (Y,E), where D and E are 
divisors with normal crossings, is automatically monomial- like; cf. [1], p. 176. This is not 
true in the real algebraic the following example shows. 

Let X = y = M, and / : ^ M, = x'^/{l + y^). Let X = with 

coordinates [x : y : z], so that D = {z = 0}, and let Y = with coordinates [s : i], so 
that E = {t = 0}. Let / : P\ J[x : y : z] = [x"^ : y"^ + z^]. Then 7"^^) is a single 

point of D. 

4. Blowup squares 

Definition 4.1. A blowup square (also called an elementary acyclic square) is a cartesian 
diagram of compact irreducible nonsingular real algebraic varieties and regular morphisms 

E M 
(4.1) Iq Ip 

G ^ M 

such that C is a subvariety of M with inclusion r, M is the blowup of M with center G 
and projection p, and E = p~^{G) is the exceptional divisor. 

In what follows we suppose dim G < dim M. 

Lemma 4.2. The composition op* is the identity map, so : H^,{M) — )• H^:{M) is 
surjective and p* : H^{M) H^{M) is infective. 
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Proof. If a e H^{M), by Poincare Duality there exists /3 G H*{M) with a = (3 ^ [M]. 
Then p*{a) = p*{l3) ^ [M], and p*[M] = [M] since p has degree 1. Thus 

p,p*{a) = p,{p*m - [M]) = /3 ^ p,[M] = /3 [M] = a. 

□ 

Proposition 4.3. Given a blowup square (|4.1|) . /or every k > there is a short exact 
sequence 

(4.2) ^ HkiE) h HkiC) © i7fc(M) h Hk{M) ^ 0, 

where i*(a) = (g*(a), s*(a)) and = r^{l3) +p*(7). Moreover, is surjective and 

induces an isomorphism kerq^, ^—^ kerp* 

Proof. Consider the commutative diagram 

Hk+i{M,E) Hk{E) ^ Hk{M) Hk(M,E) 

iv'k+l i'ik iPk ip'k 

Hk+i{M,C) Hk{C) ^ Hk{M) Hk{M,C) 

The rows are exact, the maps p^. are isomorphisms, and the maps pk are surjective by 
Lemma 14.21 The proposition is proved by a diagram chase. □ 



The exactness of the sequence ()4.2|) can be paraphrased by saying that the square 

H„{E) ^ Hk{M) 

(4.3) iq, ip, 

Hk{C) ^ HUM) 

is commutative and acychc. 

Corollary 4.4. Given a blowup square (|4.1|) . for every k > there is a short exact 
sequence 

(4.4) ^ H''{E) I- H^{C) ® H^{M) I- H^{M) ^ 0, 

where i*(/3,7) = (?*(/3) + s*(7) and j*{6) = {r* (6) , p* (6)) . Moreover, q* is injective and s* 
induces an isomorphism imq* imp*. 

The exactness of the sequence ()4.4p says that the square 





if^(^) 4- 


H^{M) 


(4.5) 


tq* 






H^{C) ^ 


H''{M) 



is commutative and acychc. Equivalently, if dimM — dimC = m > 0, the square of Gysin 
homomorphisms 

Hk^i{E) ^ Hk{M) 
t t 
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is commutative and acyclic. 

Lemma 4.5. 

(1) Hk{M) = kerp* eimp*. 

(2) Hk^i{E) =img*es*(kerp*) . 

Proof. (1) follows from Lemma 14.21 We prove (2) as follows. Let a € Hk_i{E). By 
Corollary [331 there are /3 € Hk-m{C) and 7 G Hk{M) and such that a = g*(^) + s*{-f). 
Then 71 = 7 - p*p^{'y) G kerp* and a = g*(/3 + r*p*(7)) + s*(7i). If g*(/3) + s*(7) = 
then, by Corollary P € imr* and 7 G imp*. If, moreover, 7 G kerp*, then since 
kerp^, n imp* = we have 7 = 0. □ 

Theorem 4.6. Let m = dimM — dimC. For all k > there is a unique homomorphism 
: Hk-i{E) — > Hk-m{C) such that q^ o q* is the identity and the following diagram is 
commutative and acyclic: 

HkME) ^ Hk{M) 

(4.6) iq, ip, 

Hk-m{C) ^ Hk{M) 

Proof. By Lemma l4.5t a G H]^_i{E) can be written uniquely a = q*{P) + s*(7), where 
(3 G Hk~m{C) and 7 G kerp*. We require q*q*{(3) = P, and q*s*{'y) = r*p^{'^) = 0, so we 
must have q*{a) = /?, and /? is unique since q* is injective. Straightforward computations 
using Lemma [13] and Corollarv 14.41 give that ()4.6p is commutative and the associated total 
complex is exact. □ 

In the blowup square (j4.ip . the map q : E ^ C \s the projectification of the normal 
bundle of C in M. To give a geometric description of the homomorphism q^, we apply the 
classical Leray-Hirsch Theorem: 

Theorem 4.7. Let A —?■ B be vector bundle of rank m, and let vr : ¥{A) —^Bbe its 
projectification. Let e G H^{F{A)) be the euler class of the tautological line bundle. The 
cohomology group H*{F(A)) is a free module over H*{B) with basis 1, e, e^, . . . , 6"""^ In 
other words, every element u G H*{¥{A)) can be written uniquely 

u = 7r*(uo) + 7r*(ui) ^ e + • • • + 7r*(u„_i) ^ e™"\ 

where uq, ui, . . . , u^^i G H*{B). 

Proof. The proof uses the Leray-Serre spectral sequence (c/. Thm. 5.10, p. 148). □ 

If the base B of the vector bundle is a topological manifold of dimension 6, then P(^) 
is a manifold of dimension b + m — 1 , and by Poincare Duality the Leray-Hirsch Theorem 
gives that every element a G i?*(F(^)) can be written uniquely 

(4.7) a = 7r*(ao) + e 7r*(ai) + • • • + e™"^ 7r*(am-i), 
where oq, ai, . . . , Om-i G H^{B). 

Lemma 4.8. If vr : P(A) B is the projectification of an m-plane bundle and a G 
II^{F{A)) is given by ()4.7p . then 7r*(a) = a.m-i. 
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Proof. Suppose that a = ^ 7r*(ai), i S {0, ...,m — 1}, and ai = Ui ^ [B]. Let 
e» = ^ [f{A)]. Then 

a = ^ {^*{u,) - [P(A)]) = ^ (e^ ^ [P(A)]) = tt*{u,) - £^ 



and so 

■K^:{a) = vr^, (7r*(-Ui) ^ e*) 7r^,(e*). 

Now G ff{,+m-i-i(F(^)), and if i < m — 1 then b + m — I — i>b,so 7r^,(e*) = 0. 

On the other hand, we claim that 7r^,(e™~^) = [B], and so if a = e™""^ ^ 7r*(am-i) 
then 7r*(a) = Um-i ^ = am-i- Now 7r*(e™~^) € Hi,{B), and we have 7r^,(e™'~^) = [B] 
if and only if /9x(7r*(e™"^)) 7^ for all x e B, where pa: : Hb{B) Hb{B, B \ {x}) is the 
restriction map. There is a commutative square 



mm)) 

Hb{B) 



Hb{F{A),¥{A)\7T~Hx)) 
Hb{B,B\{x}) 



with Hb{F{A),F{A) \ TT~\x)) = Hb{B,B\ {x}) Ho{7r~\x)) and 7r,(Q O /3) = ,^(/3)a, 
where (/> : i?o(7r~^(x)) ^ Z2 is the augmentation isomorphism. By the local triviality of 
the bundle vr : F{A) — )• B, we have 

a,{e^-') = a^{e"'~' ^[FiA)]) 

= p,[B]0{{e-'-'\7r-\x))^[7r-\x)]) 
= p^[B] {{e\7r-\x))^~' ^ [^"Hx)]) . 

Now 7r~^(x) = P™""^, and e|7r~^(x) is the Euler class of the tautological line bundle, so 
(e|7r-i(2;))™"i ^ 0, and hence /9x(vr*(e™"^)) / 0. □ 

Now we show that the homomorphism 5* : Hk-i{E) — ?• Hk_„i[C) of (|4.6p can be defined 
geometrically in terms of the excess bundle. Let Mc be the normal bundle of C in M and 
denote by e(C) G H'^{C) its Euler class {i.e. the top Stiefel- Whitney class). Similarly 
we denote by Me the normal bundle of in M and by e{E) € H^{E) its Euler class. 
Then q : E ^ C is the projectification of Mc-, and Me is the tautological line bundle. 
The excess bundle is the quotient bundle £ = q*Mc/ME- The Euler class e{£) satisfies 
q*e{C) = e{£)e{E). 

Proposition 4.9. Let a £ Hk~i{E). Then 5* (a) = (!*{&{£) ^ «)• 

Proof. Since a = q*{l3) + s*(7), where /3 G Hk~m{C) and 7 € kerp*, it suffices to consider 
two cases, a = g*(/3) or a = s*(7) with 7 € kerp^.. 

If a = then we have to show that q»{e{£) ^ = /?■ The Whitney formula 

for the total Stiefel- Whitney class w{q*Mc) = w{Me)w{£) = (1 + e{E))w{£) yields 

m—l 

e{£) = w^.i{£) = e{E)^~^~' ^ q*{w,{Mc)). 
1=0 
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Therefore by Lemma l4.8 



/m—1 



qM£) q*m) = Q* Y.^e{Er-^-' ^ q*{w,{J\fc))) - 9*(/3)) 



1=0 



m—1 



1=0 

= q. [e{Er-^ ^ {q*{wo{Mc) - 
= /?. 

If a = s*(7) with 7 € kerp*, then we have to show that q^{e{£) ^ •5*(7)) = 0. By 
Proposition 14.31 there is 5 € Hk{E) such that 7 = s*(5) and (7*(5) = 0. Therefore 
a = s*(7) = s*(s*(5)) = e(-E) 5, and 

qM£) - s*{-f)) = q.{{e{£) - e{E)) ^ a) = q,{q*{e{C)) - 5) = e(C) ^ (7,(5) = 0. 

□ 



5. Blowup with center transverse to the divisor at infinity 

Let X be a smooth n-dimensional variety and let = X be a good compactification of 
X, with W \ X = D a divisor with normal crossings, so that D = IJig/ where Di are 
irreducible smooth hypersurfaces meeting transversely. Let Z be an irreducible smooth 
m-dimensional subvariety of X and \et Y = Z be the closure oi Z m.W . Suppose that Y 
is a smooth subvariety of W such that Y has normal crossings with D [cf. [6] (2.3.1)) and 
Y D. Then for every x £ W there is a good local coordinate system {U, (ui, . . . , n.„)) 
about X, and for each i € J{U) there is an index k{i) € {1, . . . ,n}, k{i) < m, such that 
DiHU is the coordinate hyperplane lifc(j) = 0, and Yr\U is given by Um+i = • • • = Un = 0- 
Thus Y is transverse to the divisor D {cf. [1] IIL3). 

From this data we obtain the blowup square of pairs (W,, X,): 

{Y,Z) {W,X) 

(5.1) ; ib 

(Y,Z) ^ {W,X) 

Here a is the inclusion, b is the blowup of {W,X) along {Y,Z), and (Y,Z) = b~^{Y,Z). 
Since Y has normal crossings with D, it follows that W, Y, and Y are good compactifica- 
tions of X, Z, and Z, respectively. 

Theorem 5.1. Blowup with center transverse to the divisor at infinity. Given a blowup 
square of pairs (|5.1|) . the corresponding square of comer compactifications induces an 
acyclic diagram of weight complexes 

WC,{Z') WC,{X') 

WC,{Z') % WC,{X') 

In other words, the simple filtered complex of this diagram is quasi-isomorphic to the zero 
complex. 
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The weight filtration W* (|1.7p is the Deligne shift of the filtration F^,, where F-p = F^, 
and F* is the corner filtration. Thus to prove the theorem it suffices to show that the 
spectral sequence of the simple filtered complex associated to the diagram 

{a{Z'),F*) {C,{X'),F*) 

(5.2) I I K 

{a{Z'),F*) ^ {a{X'),F*) 

has trivial E'^ term. This in turn is equivalent to the statement that the simple complex 
sG{W,, X,) associated to the diagram of Gysin complexes 

G{Y,Z) GiW,X) 

(5.3) i lb, 

G{Y,Z) ^ G{W,X) 

is acyclic. By Corollary 13.61 the arrows in (|5.3p are homology pushforward. We will prove 
that the complex sG{W,, X,) is acyclic by induction on the complexity of the divisor 
D = W \ X, which is defined as follows. 

Definition 5.2. Let D he a divisor of the compact nonsingular variety W, and suppose 
that D has simple normal crossings. A nonsingular decomposition of D is a set T> = {Di}i^j 
of nonsingular divisors of W such that D = [J-^^ Di. The complexity c{D) of the divisor 
D is the minimum cardinality of a nonsingular decomposition of D. 

If the divisor D has simple normal crossings in W, there is a one-to-one correspondence 
between nonsingular decompositions of D and partitions of the set C{D) of irreducible 
components of D such that if Cj and Cj belong to the same member of the partition then 
Gi n Cj = 0. The nonsingular decomposition V = {Di}i^j corresponds to the partition 
{AW ofC{D), where A = {Cj \Cj cDi}. 

Remark 5.3. If D is a simple normal crossing divisor of W, let T(D) be the corresponding 
graph. The vertices of T{D) are the irreducible components of D, and there is an edge 
of T{D) between Gi and Gj if and only if Cj n Gj 0. Thus nonsingular decompositions 
of D are in one-to-one correspondence with graph partitions of T{D), and the complexity 
c{D) is the chromatic number of T{D). 

Now the inductive proof of Theorem 15.11 proceeds as follows. In the base case c{D) = 
the divisor D is empty, and the diagram ()5.3p reduces to 

i i 
H,{Y) H,{W) 

which is acyclic by Proposition 14.31 

Now suppose that c{D) > 0. Let V = {Di}i^j be a nonsingular decomposition of D 
with \V\ = c{D). Let D = D" \JV and D' = D" n V, where V = Dq eV. The cubical 
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diagram {Dj)jci — )■ ( J / 0) is equal to the diagram 

i i 

where the vertical maps are inclusions. It follows from the definition of the homological 
Gysin complex that this diagram yields a short exact sequence of chain complexes, 

^ G{V, V \ D') [1] ^ G{W, W\D)^ G{W, W \ D") 0. 

Blowing up along Y transverse to D we obtain a short exact sequence of chain complexes 

0^sG{V„{V\D'),)[l] ^sG{W„{W\D),) sG{W„ {W \ D"),) ^0. 

Now D" = 'D \ {V} is a nonsingular decomposition of D" with \'D"\ = \T>\ — 1 = c{D) — 1, 
so c{D") < c{D). Also V = {Di OV \ i ^ 0} is a nonsingular decomposition of D' with 

\V'\ = \V\-1, so c{D') < c{D). Thus by induction on c(L>) the complexes sG(V;,(y\i:>').) 
and sG(W,, {W\D"),) are acyclic. It follows that sG(W,, {W\D),) is acyclic, as desired. 
This completes the proof of Theorem 15.11 

6. Blowup with center contained in the divisor at infinity 

Next we consider a blowup with center contained in the divisor at infinity. Again let 
W = X he & good compactification of the smooth variety X, and let D = W \ X . Let Y 
be an irreducible smooth m-dimensional subvariety of W such that Y d and suppose 
that Y has normal crossings with D. Thus for every x (z W there is a good coordinate 
system ([/, {ui, . . . , Un)) about x, with Y {MJ given by Um+i = ■ ■ ■ = Un = 0, such that for 
each i G J{U) there is an index k{i) G {1, . . . ,n} with DiOU the coordinate hyperplane 
^fc(i) = 0) ^i^d there exists i I such that k{i) > m. Thus Y intersects the divisor D 
cleanly {cf. [I] III.3). 

From this data we obtain the square 

(y,0) {w,x) 
(6.1) i ib 

(y,0) A {w,x) 

where a is the inclusion, b is the blowup of W along Y (so b maps X isomorphically onto 
X), and Y = b~^[Y). Since Y has normal crossings with D, it follows that is a good 
compactification of X . 

Theorem 6.1. Blowup with center contained in the divisor at infinity, clean intersection. 
Given a blowup square of pairs ()6.ip . the homomorphism 

b'^:WC,{X')^WC,{X') 

is a quasi-isomorphism of filtered complexes. 

By definition of the weight filtration, to prove the theorem it suffices to show that the 
homomorphism of corner complexes 

b::{C4X'),F*)^{C4X'),F*) 
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induces an isomorphism on the E"^ term of the corner spectral sequence. This is equivalent 
to the statement that the corresponding homomorphism of Gysin complexes 

K ■■ G{W,X) G{W,X) 

induces an isomorphism in homology. 

First we prove the special case when the divisor D is nonsingular. This is the most 
involved part of the proof. 

Let W = X he a good compactification of the smooth variety X, and suppose that 
D = W\X is a non-singular divisor in W. Let Y be an irreducible smooth m-dimensional 
subvariety of W such that Y C D. We assume that the codimension of y in is 
bigger than 1. From this data we obtain a blowup square of pairs (j6.1|) . where the divisor 
D = W \ X is the union of the proper transform D of the divisor D and the divisor Y; 
i.e. D = DUY. Welet E = DDY. 

Proposition 6.2. The following diagram is commutative and acyclic, 

Hk{W) Hk-i{Y) ® Hu-i{D) Hk-2{E) 

(6.2) I 

P* Pi* i P2* i 

Hk{W) ^ Hk-i{D) 

where the horizontal arrows are Gysin morphisms and the vertical arrows are pushforward 
maps induced by p. 

Proof. The bottom row of diagram ()6.2p is the Gysin complex of {W, W \D) and the top 
row is the Gysin complex of {W, W \ D). Thus the commutativity of ()6.2p follows from 
Corollary 13.61 

To show the acyclicity of (|6.2p we consider the following augmented version of (|6.2p . 
Hk{W) Hk-i{Y) ® Hk^D) Hk^E) 

(6-3) i iq* \ i i?* 

where the horizontal arrows are Gysin morphisms. (In particular Hk^m{Y) — > Hk-m{Y) 
is the identity.) The morphism q^,, resp. g^, is given by Theorem 14.61 for the blowup 
p : W ^ W, resp. p' : D ^ D. Note that the augmented diagram (j6.3p includes two 
acyclic squares of type ()4.6p . Taking into account the commutativity of ()6.2p , in order to 
establish the commutativity of (j6.3p it suffices to show that the square 

(6-4) q.ipu 

Hk-m{Y) ® Hk^i{D) Hk-„XY) 
is commutative, which we prove by considering two cases. 

Case 1. Let /3 = q*a G Hk^i{Y), a G Hk^m{Y). Then g^,/3 = g*g*a = a, pu(3 = 
{iY,D)*q*q*a = 0, and q'J*^ ~/3 = q'^q'Ya = a. 

Case 2. Let (3 = s*{a) G Hk^iiY), a G HkiyV). Note that both the top and the bottom 
rows of (|6.3p are complexes {i.e. the composition of two consecutive morphisms is zero). 
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Indeed, they are the total complexes of the Gysin diagrams associated to commutative 
squares. Hence i*^ ~f3 = and g*/3 + iy£,/3 = iy ^yP^a + iy ^ij^ y^p^a = and the diagram 
commutes on (3. 

By (b) of Lemma l4.5l Hk~i{Y) is generated by imq* and ims*. Thus the commutativity 
of ()6.4|) follows from cases 1 and 2. 

Recall that to say that the diagram (|6.3|) is acyclic means that the total complex of 
the corresponding double complex is acyclic. Thus the diagram ()6.3p is acyclic since it 
consists of two acyclic squares of type (j4.6p . More precisely, the total complex of (j6.3p is 
acyclic since it equals the total complex of the following diagram with acyclic rows, 

Hk{W) Hk^i{Y) © Hk{W) Hk-ra{Y) 

4- \- \- 4- 

It follows that ()6.2p is acyclic, since the diagrams ()6.2p and ()6.3p differ by the acyclic 
diagram Hk^rn{Y) ^ Hk^,ri{Y). □ 

Now we prove Theorem 16.11 bv induction on (r, c), where r = r{D) is the number of 
smooth components Di of the divisor D such that Y d Di and c = c{D) is the complexity 
of D. (Since Y is irreducible, r{D) equals the number of irreducible components of D 
that contain y, so r{D) is independent of the nonsingular decomposition D = Uj-^j-) 
Proposition 16.21 is the base case (r, c) = (1,0). 

Suppose r{D) = 1 and c{D) > 0. Let D be a nonsingular decomposition of D with 
\V\ = c{D). Let D = D"U V, where V = Dq (£ V and Y <;t V , and let D' = D" n V. We 
have a diagram with exact rows which is commutative by Corollary 13.61 

G{V,V\D')[1] G{W,W\D) — > G{W,W\D") 

(6-5) IK ib, ib'l 

G{V,V\D')[1] G{W,W\D) — > G{W,W\D") 

Now c{D') < c{D) and c{D") < c{D), so by induction on c{D) the maps b'^ and are 
isomorphisms. Therefore 6* is an isomorphism. 

Now suppose r{D) > 1. Let D = D" U V, where V = Dq e V and Y C V, and let 
D' = D"r]V. Then r{D') < r{D) and r{D") < r(D), so by induction on r(D) the diagram 
(|6.5p shows that 6* is an isomorphism. This completes the proof of Theorem 16.11 

7. Extension of the weight filtration to singular varieties 

Following Guillen and Navarro Aznar [6], let Sch(R) be the category of reduced sep- 
arated schemes of finite type over M. In this paper we are interested in the topology of 
the set of real points of X G Sch(M). The set X(]R) of real points of X with its sheaf of 
regular functions is a real algebraic variety in the sense of Bochnak-Coste-Roy [3]. 

By an acyclic square in Sch(M) we mean a cartesian diagram 

Y — > X 



(7.1) 



i iP 
Y ^ X 
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such that i is a closed immersion, p is proper, and p induces an isomorphism X\Y — ?> X\Y 
(see [6] (2.1.1)). 

Let V(]R) be the category of nonsingular projective schemes over M, and let V^(M) be 
the category of pairs {W,X) such that W G V(R), X is an open subscheme of W, and 
D = W \ X IS a divisor with normal crossings in W. 

An elementary acyclic square in V^(]R) (|6j (2.3.1)) is a diagram 

{Y,YnX) {W,X) 

(7.2) ; ip 

{Y, Ynx) {W, X) 

such that p : W —?■ W is the blowup of W with smooth center Y that has normal crossings 
with the divisor D = W \ X , where X = p~^X and Y = p~^Y . (The condition that Y 
has normal crossings with D includes both Y D and Y <Z D.) 

Let C be the category of bounded complexes of Z2 vector spaces with increasing bounded 
filtration. Following [6] we denote by HoC the category C localized with respect to filtered 
quasi-isomorphisms. By Proposition (1.7.5)°^ of [6], the category C with this notion of 
quasi-isomorphism and the simple complex operation for cubical diagrams is a category 
of homological descent (c/. [9] §1A). 

We define a functor 

F : V^(]R) ^ HoC 



as follows. If {W,X) G V^(M), then the real algebraic variety Ty(M) is a good compactifi- 
cation of X(M). Let X' be the associated corner compactification of X(]R), and set 

¥{W,X) = WC^{X'), 

the weight complex of this good compactification (|1.8p . We have that F is a functor by 
Theorem 13.31 



Theorem 7.1. There is a covariant ^-rectified functor 

WC, : Sch(M) HoC 

such that 

(1) if{W,X) G V2(M) there is a natural isomorphism WC^{X) = Y{W,X), 

(2) WC* satisfies the following acyclicity property: For an acyclic square ( |7.i| ) the 
simple filtered complex of the diagram 

WC^{Y) WC^{X) 

i ; 

WC^{Y) WC^{X) 

is acyclic (quasi-isomorphic to the zero complex). 

Such a functor WC* is unique up to a unique quasi-isomorphism. 

Proof. This theorem follows from applying Theorem (2.3.6)°^ of [Bj to the functor F. Since 
F factors through C, it is automatically ^-rectified ([6] (1.6.5), (1.1.2)). Clearly F is addi- 
tive for disjoint unions (condition (2.1.5) (Fl) of [6]). It remains to check condition (2.1.5) 
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(F2): Given an elementary acyclic square (|7.2p . the simple filtered complex associated to 
the square 

F{Y,YnX) F{W,X) 

i i 
F{Y,YnX) F{W,X) 
is acyclic. This follows from our blowup results Theorem 15.11 and Theorem 16.11 □ 

Remark 7.2. This theorem shows not only that the weight complex functor extends to 
singular varieties, but also that, up to quasi-isomorphism, the weight complex (jl.Sp of a 
smooth real algebraic variety X does not depend on the choice of a good compactification. 

Proposition 7.3. For all X G Sch(M) the homology of the weight complex VVC^.(X) is 
the classical compactly supported homology of X with Z2 coefficients, 

H^WC^iX)) = H^X). 

If X has dimension n, for each k >0 the filtration of Hk[X) given by this identification 
satisfies 

(7.3) = W-n-iHk{X) C W^nHk{X) C---C W^Hk{X) = Hk{X). 

Proof. The proof of the first assertion is parallel to the proof of Proposition 1.5 of [9]. 
(One considers the forgetful functor from the category C to the category T> of bounded 
complexes of Z2 vector spaces.) 

The second assertion follows from the fact that the weight complex 'WC^{X) can be 
computed as the simple filtered complex associated to the diagram of filtered complexes 
given by a cubical hyperresolution of X. (This is the basic construction of Guillen and 
Navarro Aznar [6].) If dimX = n there is an n-cubical diagram X, in Sch(R), i.e. a 
contravariant functor from the set of subsets of {0, . . . ,n} to Sch(M), with X = X,(0), 
and X,{S) smooth for S ^ For g > 0, if X^'^^ is the disjoint union of the smooth 
schemes X,{S) for \S\ = q + 1, then dimX^'^^ ^ n — q, and we have 

WiCkiX) = >v.Q(x(^)), 

(7.4) i+q=k 

d : W.Q(X(«)) ^ >ViQ_i(X('?)) © Widix^'^-'^), 

where dc = d'c + d"c, with d' the boundary map of the chain complex Ci{X^'^^) and d" the 
chain homomorphism induced by the map given by the cubical diagram. 

By ([L8]) we have W^Cl{X(1')) = for i < -dimX^ = -n + q and W^Cl{X(1')) = 
Q(X('')) for i > -I. Since g > and / > 0, we have WiCk{X) = for i < -n and 
WiCk{X) = CkiX) for i>0. □ 

The filtration l\7.'6\i is the weight filtration of the homology of X. It is an interesting 
problem to describe the relation of this filtration to Deligne's weight filtration for the 
complex points of X. 

If X € Sch(R) let WC^^^ {X) denote the weight complex of Borel-Moore chains (semi- 
algebraic chains with closed supports) of X(]R) defined in Theorem 1.1 of [9]. 
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Proposition 7.4. There is a natural transformation of functors 6 : WC* — )■ WC^^^ . If 
X G Sch(IR) the canonical homorphism ipx ■ H^f[X) — ?> H^^^ {X) is induced by the mor- 
phism Ox '■ WC*(X) — ?• WC^^^ (X), and so ipx is compatible with the weight filtrations. 
If X is compact (i.e. proper overM) the morphism Ox is a quasi-isomorphism. 

Proof Let Sch^„^p(M) be the cate gory of pairs {W,X), where W is compact and X is 
an open subscheme of W. Theorem (2.3.6) of [6] is proved in two steps. The first step is 
Theorem (2.3.3), the extension property for the inclusion V^(]R) — )> SchQjjj^p(M). By this 
theorem, our functor F on V^(M) extends to a functor F' on Sch^^j^p(M) satisfying the 
conditions of Theorem (2.1.5) of [B]. For the second step, the proof of Theorem (2.3.6) 
shows that restriction of F' to the second factor gives a well-defined functor WC* on 
Sch(M) satisfying (2.1.5). 

Thus we have a sequence of natural morphisms 

WC^{X) ^ F'(X,X) F'(X,X) ^ WC^X) ^ WCf^^(X) WCf^^(X), 

where X is any compactification of X, the first and second quasi-isomorphisms are given 
by the extension results described above, and the third quasi-isomorphism is given by 
Corollary (2.3.7) of [6]. If X is compact then we can take X = X, in which case the 
second and fifth morphisms above are identities. □ 

Consider the weight filtration (|7.3p of a variety X. If X is nonsingular and quasi- 
projective then, by (jl.8p . W^kHkiX) = Hk{X). If Y is compact then, by Proposition 
17.41 and [9] (p. 129), W-k-iHkO^) = 0. Thus if / : X — > y is a regular morphism from a 
nonsingular quasi-projective variety to a compact variety, then im[/fc : Hk{X) — )■ HkiY)] C 
yV-kHk{Y) and W.k-iHk{X) C ker[/fc : Hu{X) ^ Hk{Y)]. Thus if [c] G W^k^iHu{X) 
then c is a boundary in any algebraic compactification of X. 

In the special case of a good compactification this result is sharp: 

Proposition 7.5. Let X he a nonsingular quasi-projective variety and let i : X ^ X 

be the inclusion in a good compactification of X. Then for all k > 0, ker[zfc : Hk{X) — )• 
Hk{Xy\ = W-k-iHk{X). In particular, keri^ does not depend on the choice of a good 
compactification. 

Proof. This follows from Corollarv 11.51 □ 



Example 7.6. Let X C be given hy xy ^ 0. The embedding X C P (M) is a good 
compactification of X and Ho{X) = (Zs)^, W-iHo{X) = (Zs)^, and W-2Ho{X) = Z2. 
Let y C be given by x{x - l)(x + 1) / 0. The embedding Y C P^(]R) is not a good 
compactification since P^(M) \ y is the union of four lines intersecting at one point. By 
blowing up this point we obtain a good compactification of Y. Then Ho{Y) = (^2)^, 
W-iIIqIY) = (^2)^, and VV--2-ffo(^) = 0. In particular X and Y are not isomorphic. 

Example 7.7. Let X = P^(M) x R. Then P^(IR) x P^(]R) is a good compactification of 
X and W-2Hi{X) = 0. (The generator of Hi{X) is not a boundary in pi(M) x pi(M).) 
Let y = \ 0. To obtain a good compactification of Y we embed Y in P^(]R) and blow 
up the origin. Then VV_2^i(^) = ^2- (The generator of Hi(Y) is already a boundary in 
P^(]R).) In particular X and Y are not isomorphic. 

Example 7.8. (1) The inclusion M* C P^(M) is a good compactification of M*. Thus 
WoHo{W) = Ho{W) = (Z2)2 and W^iHo(R*) = Z2. 
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(2) Let X be the Bernoulli lemniscate {(x^ + y^)^ = — y^} C M^. The resolution of 
X is given by blowing up the origin vr : X — )■ X, and then X is diffeomorphic to S^. The 
exceptional divisor E = 7r~^(0) is the union of two points. Thus Xqi = {0}, Xiq = X, 
Xii = E is a cubical hyperresolution of X. Hence W-iHi{X) = Z2 C Hi{X) = ijj-if . 
This also follows from 3.3 of [S]. Indeed, VV_fci/fc(M^) is the lowest filtration that can be 
non-zero for W compact, and the homology classes of W_fc-?/fc(l^) are precisely those that 
are represented by the arc-symmetric sets. In our case, the generator of 'W^\}i\{X) is 
the fundamental class of X. The elements of Hi{X) \ yV-iHi{X) are represented by the 
cycles that are halves of the lemniscate; they are not arc-symmetric. 

(3) Let Y = X xW where X is the Bernoulh lemniscate. Then Iqi = -'^01 x , 
YiQ = XiQ X M*, Yii = Xii X M* is a cubical hyperresolution of Y. Hence, using ()7.4p . 
we obtain that Z2 = W-2Hi{Y) C W-iHi{Y) = (Z2)^ Hi{Y) = (Zs)! The generator of 
yV^2Hi{Y) is given by the product of the fundamental class of X with the generator of 
W-iHq{]R*). The generators of W-iHi{Y) are of two types. The first type is the product 
of the fundamental class of X with a generator of Hq{M*). The second type is the product 
of a generator of Hi{X) (a half of the lemniscate) with the generator of yV^iH^iW'). 
The sum of these four elements is zero and any three of them generate yV^iHiiY) as a 
Z2 vector space. Note that the generators of the second type can not be represented by 
arc-symmetric cycles. 

8. Appendix: Discrete torus groups 

The following discussion is adapted from [2]. Let (G, •) be the group of functions 
g : {l,...,n} ^ {1,-1} with product {g ■ h){k) = g{k)h{k). Thus G = {1,-1}", the set 
of elements of order 2 of the torus {S"^)"^ C (C*)'". We refer to G as a discrete torus of 
rank n. 

Let {V,+) be the additive group corresponding to (G, •). If 5 € G, let g' denote the 
corresponding element of V , so that g' + h' = {g ■ h)' and 1' = 0. Since g ■ g = 1 for 
all 3 € G, we have g' + g' = for all g' € V, and so F is a vector space over Z2, with 
dim^j y = n. If is a subgroup of G, we say that H has rank k if the corresponding 
subgroup H' of V has dimension k over Z2. 

Let A = Z2[G] be the Z2 group algebra of G. The algebra A is the set of finite formal 
sums cii[gi], where a, G Z2 and gi S G, with addition and multiplication defined by 

Ei Mat] + Ei bi[9i] = Hiiai + bi)[gi], 

As a vector space over Z2, the algebra A has dimension |G| = 2". If 5" is a subset of G, 
Let e : A — >■ Z2 be the augmentation map, 

and let I = Ker e be the augmentation ideal. Consider the filtration of the algebra A by 
the ideals X'^ for A; > 1, 

(8.1) AdI^ Dl^ Dl'^ D ■■■ . 

Lemma 8.1. For each k > I the ideal X'^ is spanned as a vector space by the elements 
[H] such that H is a subgroup of G and rankH = k. 
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Proof. We proceed by induction on k. For A; = 1, we have a G X if and only if a = ^g^s[g], 
where |5| is even. Then a = l^i^gg5([l] + M), and + = [{1,51}], with rank{l, 5} = 1. 

Now suppose X'^ is spanned by the elements [H] with rank H = k. Then X'^'*'^ is spanned 
by elements of the form ([1] + [g])[H]. If g £ H then ([1] + [g])[H] = [H] + [H] = 0. If 
g ^ H then ([1] + [(7]) [if] = [K], where K is the subgroup of rank k + 1 generated by H 
and g. □ 

Proposition 8.2. There is a canonical isomorphism <I> : GrxA A*V of graded algebras 
which induces vector space isomorphisms = A'^V for each k > 1. Moreover, $ 

is an isomorphism of functors; i.e. $ is functorial with respect to homomorphisms of the 
group G. 

Proof. We claim that the function (j) : V ^ X given by (t){g') = [1] + [g] induces a homo- 
morphism of graded algebras 

$ : K*V GrxA, 

with ^{A'^V) = 1^/1^+^. We have 

<l^{g' + h') = cl,{{ghy) = [l] + {gh], 
M) + m = ([1] + [g]) + ([1] + [h]) = [g] + [h]. 

Now 

([1] + [gh]) + {[g] + [h]) = ([1] + [g]){[l] + [h]) G l\ 
so (j) defines an additive homomorphism V ^ I /l'^ . Thus the function 

M91 ^■■■^gk) = ([1] + [gi]) ■ ■ ■ ([1] + [gk]), 

is multilinear. Since ([1] + [g])'^ = [1] + 2[g] + [g'^] = for all g £ G, the maps (pk define 
an algebra homomorphism $ : A*V GixA. If {g[, . . . ,g'f^) is a basis for the subspace 
H' CV corresponding to the subgroup H C G, then ([1] + [gi]) •••([!] + [gk]) = [H]. Thus 
$ is surjective by Lemma l8. II Since dim^j A*V = 2" = dim^j Grjyl, we conclude that $ 
is an isomorphism. 

If 7 : G — )■ if is a homomorphism of discrete torus groups, the commutativity of the 
diagram 

Va ^ Ic 
i 7* 4-7* 
V, H 

implies that $ is functorial. □ 

For J C {1, ... , n} let G{J) = {g £ G \ g{i) = 1, i ^ J}. 

Corollary 8.3. For each k > 1 we have dim^j X^ /X^^^ = (^) . In particular X"+^ = 0. 
The subset {[G{J)] \ \J\ = k} of X^ maps to a basis of X^ jX^"-^ . 

For n,m G N, let (G^, •) be the group of functions g : {1, . . . ,n} — > {1, —1}, and let 
(Grni ■) be the group of functions (7 : {1, . . . , m} {1, —1}. Let 7 : G„ — )■ Gm be a group 
homomorphism. Then 7 is given by an m x n matrix (ajj) with coefficients in Z2, 



7(5i,...,5n)=(n5r>--->n5r 



30 



C. MCCRORY AND A. PARUSINSKI 



Let A{Gn) and A{Gm) be the group algebras of G„ and Gm, respectively, and let X^{Gn) 
and I^{Gm) be the associated filtrations ()8.ip . The group homomorphism 7 induces an 
algebra homomorphism 7^, : A{Gn) — > A{Gm.) with 7*(X(G„)) C Z{Gm), and so for all 
A; > 1 we have 7*(Z'=(G„)) C l^{Gm)- 

Corollary 8.4. If : Gn G is a group homomorphism, the induced linear map 
7* : {Gn) /l''^^ {Gn) — X'^{Gm) /1-^^^{Gm) is given by a matrix (ajj) with respect to the 
bases of Corollary \8.3l where for J C {1, . . . , n}, I C {1, . . . , m}, \I\ = \ J\ = k, 

aij = det{aij)i(zjj(zj . 

Proposition 8.5. For all k > 1 the vector subspace C A is spanned by the set of 
translates {[gG{J)] \ g ^ G, \J\ = k}. 

Proof. Let F'^ be the subspace of A spanned by {[gG{J)] \ g & G, \J\ = k}. Since is 
an ideal of A we have F'^ C I^. 

Let E'' C F^ be the subspace spanned by {[G{J)] \ \ J\ = k}. If |J| = k and [J'j = k + 1, 
with J' = JU {i}, then [G{J')] = [G(J)] + biG(J)]. Thus E''+^ C F^ and so F'^+i C 
Therefore F' C F'^ for aU / > /c. 

It follows that I*"' C F'"' . For if a G then by Corollary 18.31 we have 

a = ak + ak+i H h a„, ai e E'' . 

Thus for all I we have a/ € F''^ and so a € F'^. □ 

Proposition 8.6. If g ^ G let : A A be the linear isomorphism of A given by 
translation by g, ipg{a) = [g] ■ a. For all k > 1, ipgiX^) = I^, and tpg induces the identity 
map on /Z^^^ . 

Proof. We have i)g{Z^) = Z^ by Proposition Let | J] = k. If 5 G G{J) then ipg[G{J)] = 
[G{J)]. ligi G{,I) then 

[G{J)] - ^,[G(J)] = ([1] - b])[G(J)] G 

Thus V'g induces the identity map on 

jfc/jfc+i Corollary ESI □ 
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